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Fig.1 Upper bounds of 4 [F;(P, K;)( jw)] for iterations 1, 2, 3, and 8.
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Fig. 2 Step responses of 121 perturbed satellite plants with mixed
controller.

model reduction methods, it is possible to reduce the controller
orderto a lower level with acceptabledegradationin control perfor-
mance. However, using controller approximation with fewer states
implies an increase in . Still, there are open numerical problems
in connection with actual implementation in p-synthesis.

2) The robust performance (RP) condition in Eq. (8) is identical
to a robust stability (RS) condition with an additional perturbation
block Ap. In other words, the RP condition is more severe than
the RS condition, and so there is no doubt of RS in this illustrative
satellite case, where the RP condition is satisfied.

V. Conclusions

We extend the H,-based loop-shaping method to mixed p-syn-
thesis. A noncollocatedsatellite’s attitude control design is formu-
lated to the mixed p-synthesis problem. The resulting controller
with RP property from the u criterion is obtained by a sequence of
weighted H, optimizations. Also, the simulation results show that
the time-domain performance specifications on settling time and
overshoot are completely satisfied under real parameter variations.
This successful design stresses the superior ability of the H,-based
loop-shaping method for mixed p-synthesis.
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Linearization of a
Six-Degree-of-Freedom Missile
for Autopilot Analysis

Jonathan R. Bar-on* and Robert J. Adams’
Hughes Missile Systems Company,
Tucson, Arizona 85734

Introduction

YPICALLY, the design of autopilots for missiles is based on a

loop-at-a-timephilosophy;thatis, the lateral channels (yaw and
pitch) are designed, and then the roll channelis designedseparately.!
Most of these autopilots have a fixed structure whose gains are then
scheduled upon flight conditions such as altitude, Mach, and angle
of attack. Gain selection is accomplished by examining both the
performance and the relative stability of a linear representation of
the missile at various pointsin the flight envelope. Most often, clas-
sical phase and gain margins are used as a measurement of relative
stability. The worst-case values of these margins are obtained by
breaking a single loop in a coupled lateral-roll model. Such design
approaches are insufficient for obtaining autopilots that a priori ac-
count for robustness and performance. With the advances in control
theory, itis now possible to design multivariable controllersthat can
accountfor bothrelative stability (robustness) and performance ? To
perform such design and analysis, one must work with a fully cou-
pled dynamic representation of the missile. This Note describes a
way to properly linearize the dynamics for a fully coupled, six-
degree-of-freedom(DOF), cruciform missile in trim. One accepted
definition of trim for missiles that can attain large angles of attack is
as follows: 1) the moments acting on the missile are zero and 2) the
rate of change of both the angle of attack and the sideslip angle are
zero. Note that this definition does not preclude nonzero roll rates
at trim. An additional contribution of this Note is the derivation of
a technique for determining the initial roll rates that are consistent
with the dynamics of a trimmed missile as just defined.

Development of Linear Model

We define the following quantities for a missile with respect to
Fig. 1: (x, y, z) are the missile body axes, («, v, w) the projection
of the missile velocity vector onto (x, y, z), and (p, g, r) the projec-
tion of the missile angular rate vector onto (x, y, z).

Notethat (u, v, w) and (p, q, r) are, in fact, inertial values written
with respect to the body axes. The analysis presented here is for a
missile that is symmetric about its principal axes; thus, the inertial
dyadis I = diag([/,, I, I.]). We divide the forces and moments
that act on the missile into two categories: 1) forces and moments
due to missile aerodynamics including canards, wings, or fins; and
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2) forces and moments due to propulsive elements such as rocket
motors, reaction jets, or divert thrusters. Let F = F o + Fpop be
the total force acting on the missile and M = M, + M, be
the total moment acting on the missile. Thus, F = [F, F, F,]”
and M = [l m n]”, where F; is the force in the ith direction, [ is
the rolling moment, m is the pitching moment, and # is the yawing
moment. Standard techniques, such as can be found in Ref. 3, are
used to develop the following coupled equations of motion for the
missile:

F. = Mu+ M@+ qw — rv) €8]
Fy=Mv+ M@ +ru— pw) 2)
F, = Mw+ M@ — qu + pv) 3)
I=1I.p+1I.p )
m=1l.q+ 1.4~ (.~ Lpr )
n=1I.or+I7—(.—1.)pq (6)

As in Ref. 4, the total angle of attack «, is defined to be the angle
between the velocity vector and the missile centerline; the aerody-
namic roll angle ¢, is defined to be the angle between the (positive)
body z axis and the projection of the velocity vector in the body
yz plane. From Fig. 1, one can see that a, = tan~![\/(w? + v?)/u]
and ¢, = tan~!(v/w). Furthermore, the pitch plane angle of attack
« is defined to be the angle between the (positive) body x axis
and the projection of the velocity vector V in the xz plane. The
sideslip angle of attack B is defined to be the angle between the
(positive) body x axis and the projection of the velocity vector V in
the xy plane. Again, from Fig. 1 one can see that o = tan™! (w/u)
and B = tan~!(v/u). The following relationshipsexist between the
angles «;, ¢, o, and B:

o, = tan”' [ tan(e)” + tan(ﬂ)z] , tan(ﬂ)}

tan(a)

¢, = tan™' [

o = tan”! (tana, cos¢,), B = tan~' (tana, sinp,)

For a missile with a specific orientation («;, ¢,, Mach, and alti-
tude), trimmed flight occurs when the fin deflections are such that
the total moments /, m, and n are zero and the rate of change of the
angles of attack a and B is zero. That is, a missile is in trim when
I, m, and n =0 and @ and B =0. A typical aerodynamic database
for a missile will return the aerodynamic forces F\,, F\,.,, and
F,,. and three aerodynamic moments /yero, Myero, and Myeo for a
given missile orientation and fin deflection. We will assume that
mass flow rates due to the propulsive components are constant, and
known, at the specific orientation we are analyzing. Thus, for our
analysis, F,, and M, are known constants. It is now possible
to use the aerodynamic database to determine whether a missile
can be trimmed at a specific orientation by iterating on the fin de-
flections to (hopefully) find a configuration such that the total mo-
ments [ = lyery + lprop, M =Mgero +Mprop, AN 1= Nyery + Mpyop aTE
zero. Most autopilots are designed by linearizing the six equations
of motion for a missile thatis trimmed in a specific orientation. This
requires that the initial velocity vector V,, and the initial rotational

\ 3

—
- ‘ X
_/ 4 P
IUZUE T NG
A v
>,
Z

Fig.1 Body-axis coordinate frame, state variables, and aerodynamic
angles.
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vector w, be determined. Using the formulas for «;, ¢,, @, and 8
yields

U V, cosa,
Vo= | vy | = | V,sing,sing, (7
wy V, sina, cos ¢,

where V, = /(u} 4+ v3 + w}). To determine the initial rotational
vector, recall that the initial acceleration vector is known because
the total inertial force is the sum of the aerodynamic forces, pro-
vided by the aero database, and the propulsive forces, which are
assumed to be known constants. Consequently, the initial acceler-
ation vector is calculated simply by dividing the total force by the
mass: Ao =[a,o a,o a,]”, where a;y = Fo/M,. Define the vector
T to be a unit vector along the initial velocity vector, T =V, /| Vy|.
The projection of the initial acceleration vector A, along T is given
by Aro = (Ao, T)T. The componentof Ay normal to Vj is then given
by Ayg =A¢ — Ago. Define the vector N to be a unit vector normal
to the velocity vector, N = Ano/| Anol, so that

Ao = (Ao, T)T + |AnoIN

Noting that Ao = (Mo /My)Vy +[d(Vy), /dt] + (wo X V), where the
first two components are tangent to the velocity vector V, and the
third componentis normal to the velocity vector yields

[AnoIN = (wo X V)

which can be written as

Qnx 0 wo —Up Po
Ay | = | —wo 0 U 90 ®)
Ay v —uy O To

S(Vy)

where S(V,) is a skew symmetric matrix, S(Vy) = —S(V,)”. The
matrix S(V)) is singularand has a one-dimensionalnullspace, which
is givenby M[S(Vy)] = ([g vy wo]”). In general then, the solution
of Eq. (8) for wg can be written as wg = wy, + wy,, where the vector
wy, 1s contained in the range space of S(V}) and w,, is contained
in the null space of S(Vy). In terms of the dynamics of the problem,
wy, 1 the component of the total rotational vector that is normal to
both the velocity vector V|, and A g, and wy, is the component of
the total rotational vector that is tangent to the velocity vector V.
Thus, wy, lies in the plane formed by T' x N, and its magnitude can
be found as follows:

[Ano|N = (wo x Vo) = (wor +wou) X Vo = wor X Vg

= |wo, [(T x N) X |Vo|T = | wo,| VoIl N

yielding| we, | =1 Aol /ol andwo, = (| Axol /IVe))T x N. Solving
this expression results in

Vodz0 — Wodyo
2
Vo
Wodyo — Uplyg
2
Vo
UpQyo — Volyo

v

©)

Wor =

where Vo =V, = /(u + v} + w}). The question now is to deter-
mine what is the appropriate choice for wy,. As wg, C N[S(Vy)],
it must be of the form wy, = k[uy vy wo]”, where k is any arbitrary
constant. Recalling that we are trying to linearize Egs. (1-6) about
a trim point, it is logical to choose k such that at trim there is no roll
rate po. This requires that

Vodzo — Wolyo
—_——tkuy=0=k =
V2 ’ o V2

Wodyo — Vodzo

Po = = Won

T
_ |:woay0 — Uy (wodyy — Vd-0) Vo (woayo — anzo)w0:|
- 2 2 2

VO Ugp VO Ugp VO
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0
2 2

Do UgWod,o + VoWodyg — (“0 + vo)azo
2
wWo= |4 | = uoVy

T _ 2 2
0 (UoVoay + Vowoag) + (uo + wo)ayo
M()VOZ
(10)

Note that it is also possible to zero out other terms in Eq. (10) as
opposed to p, through proper selection of the vector wy,. It is now
necessary to show that Egs. (7) and (10) are the proper trim values
for V, and w, and will result in constant values for « and 8. To
do this, we must show that Egs. (1-6) must be satisfied at the trim
conditionas well as &, and By = 0. At trim, Egs. (1-3) can be solved
for i, vy, and wy and Eqgs. (4-6) can be solved for po, qo, and 7.
This yields

g (oA + voayo + Wodz) _ M,

Uy = u 11
0 vz M, (1)
. 0+ Vodyo + wod, M,
by = Vo (oo Uo?;o Wodz) M (12)

Vi M,

. Wo(Uolxo + Vodyo + W) M,

wy = — —w 13
0 V2 ;" (13)

Po=0 (14)
o =—.o/L.0)90 (15)
Fo = =(Lzo/Iz0)70 (16)

where values for p, gy, and ry from Eq. (10) have been used in
the equations for i, v, and wy. Substituting Eqs. (11-13) into the
equations for &y and B, results in

d[tan" (wo/uo)] Mowo - wOL'ig
oy = = =

dr uj + wj
_ d[tanfl(vo/uo)] _ Mol.}() - U()L'ig _
’ dr 2+ w?

Ithas now been shown thatEqs. (7) and (10-16) completely describe
a symmetric missile in trim for some orientation (¢;, ¢,, Mach, and
altitude).

Before linearizing Egs. (1-6), it is necessary to express the aero-
dynamic forces F,, and the aerodynamic moments M, in terms
of fin deflections and missile orientation. Typically, most autopilots
combine the fin deflections into equivalent control surface deflec-
tions for pitch (8p), yaw (8y), and roll (6r). Stability derivativesare
used as in Ref. 4 to represent F ,e;, and M, in terms of §p, 8y, ér,
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a, and B. Forexample, F,,., = Cyoa + Cyg B + C,5,0p + Cy5,6y +
C,s-0r, where C;; is the stability derivative of the ith force or mo-
ment with respect to j. This representation allows one to express
the aerodynamic forces and moments in terms of the variables (u,
v, w) due to the presence of « and S. If one chooses the state vector
tobex=[u v w p q r]", then Eqs. (1-6) can be written as

Xy = —(My/Mo)x, + x,x6 — X3X5 + (1/M0)[tan’1(x3/x1)Cm
+ tan”" (x2/21)Cop + Cuspdp + Cosy 8y + Cosy8r + Fy |
iy = —(Mo/Mo)x — x1x6 + X334 + (1/My)[tan™ (x3 /x,)C e
+ tan™! (x,/%,)Cp + Cy5,8p + Cp5,8y + o567 + F,
X3 = —(Mo/Mo)xs + x1x5s — XoX4 + (1/M0)[tan’1 (x3/x1)Coq
+ tan”" (x2/x)Cp + Coy8p + Co 8y + Cop 67 + F |
iy = —(Lo/Txo)Xs + (1/10)[tan ™ (x3/x)) Cla

+ tan™" (x2/x)Ciyp + Cispdp + Cis, 8y + Cis 7 + Lo |
x5 = —(L0/ Lz0)¥s + I'x4x6 + (1/Izz0)[tan71(x3/x1)cmu

+ tan™ (02/21)Cnp + CruspdP + Crusy8Y + Cous 87 + My |
X6 = —(I0/ Lz0) X6 — I'xaxs + (1/1220)[tan71(-x3/x1)cmx

+tan~" (x2/21)Cog + CospdP + Crsy8y + Cos 7 + Mprep |

where I' = (1,0 — 1,,9)/1..o. As these equationsare to be linearized
about trim for some given missile orientation (¢, ¢,, Mach, and
altitude), the initial state vectorx, = [uy vy Wy Po o ol is re-
quired and can be found from Egs. (7) and (10). Recall that we are
assuming that the forces due to the propulsive elements are known
and constant so that the only inputs to the system are the pitch, yaw,
and roll fin deflections. The nominal values for these control vari-
ables,uy = [py yo ro]”, are known from the iterations on the aero
database. The preceding state equations can be written in compact
form as x = f(x,u) and can be linearized about (x, u,) using a
standard Taylor series expansion’ Defining x = x, + dx andu =
uo + du results in the linear perturbation model x = Adx + Bdu,
where
PO

X0,U0 X0,u0

Performing the necessary differentiation yields

_% B (T4CM1:[_ TZCXﬁ> Tl[\f)q‘3 —qo + T3Cm 0 —Wo Vo [ Cxép eriy der ]
0 0 0 1‘40 1‘40 1‘40
- ( 7,Cy, + Tzcy,;> M, N T,Cy . T3C,, w, 0 iy Cyp Cyuy Cy
M, M, M, M, M, M, M,
4o — (FiCee + :Cy g TiCa My BC. . o Cyp Cuy Cu
I M, ¢ M, M, M, ’ ’ M, M, M,
ox = ox + ou
_ T4 Clu + TzC[ﬁ Tl Clﬁ T‘S Clu _ IXXO 0 0 _CMP _Cldy &
IXXO IxxO IXXO IxxO IXXO IXXO IxxO
. T4Cmu + TZCm,; T] Cmﬁ T-;Cmu I'r jz<0 Iz Cm&p Cmdy Cmdr
IZZO IZZO IZZO 0 IzzO Po IZZO IZZO IZNO
T4 me + T2 C"ﬁ Tl C’lﬁ T'i me I/ [/ IzzO % Clwmb fmsr
IZZO IZZO IzzO ? Po IzzO L 0 0 20|

17
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where the terms T} = uo/(u3 + v}), To = vo/ (i + v3), Ts = uy/
(uy + w}), and Ty = wy/(uj + wj) are due to 3B/dv, dB/du,
da /0w, and da/du, respectively. If the outputs of interest are the
accelerations a, and a,, and the three body rates p, ¢, and r, then
the nonlinear output equationy = h(x, u) is given by

y:
[(M/M)v—l—i;—l—ru—pw (M/M)w+w—qu+pv pqrl”

The equationy = h(x, u) can also be linearized about the trim con-
dition (x, uy) using a Taylor series expansionto obtain dy = Cdx +
Ddu, where

oh
C ==

oh
D=—

)

X0,U0 X0,U0

Again, performing the necessary differentiation yields

[ ( T,Cyy + ToCop ) T\Cyy  T3C,
M, M, M,
T,Co + ToCy\ T, Cy TiC.,
dy = _( M, ) M, M,
0 0 0
0 0 0
L 0 0 0

Equations (17) and (18) represent the linear perturbationmodel of a
missile about trim in an orientation specified by («;, ¢,, Mach, and
altitude).
Conclusions
We have presented the equationsnecessaryto obtainalinear time-
invariant model of a fully coupled, high-angle-of-attack six-DOF
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symmetric missile in trim. The definition of trim used here is that
1) the moments acting on the missile are zero and 2) the time rate
of change of both the pitch angle of attack and the sideslip an-
gle is zero. This trim condition results in nonzero initial roll rates
that are not unique. A technique for determining the initial roll
rates that is consistent with the dynamic equations of a trimmed
missile was presented. Both the initial roll rates and the equa-
tions for the linear model are valid with and without propulsive
forces.
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